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@ Can we classify and systematically compute non-perturbative data in
2-d gravitational theories?

@ Can we use such data to reproduce known behaviours of observables
(e.g. spectral density, spectral form factor)?

@ A large class of models (minimal strings, JT gravity) admits a matrix
model description: combine topological recursion and resurgence!
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Jackiw-Teitelboim Gravity

@ 2d dilaton gravity with action packiw-Teitelboim]

Syt = ——/ VIR —f/ V9o(R + 2) + (boundary terms)

topologlcal dilaton action

o Dilaton ¢ acts as Lagrange multiplier: R = -2 — AdSs
2-2g—
e Different topologies weighted by (eSO) o g2otn=2

@ Holographic dual of SYK model — random ensemble of quantum

mechanical models — random matrices

[Sachdev-Ye, Kitaev]
[Saad-Shenker-Stanford]
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Euclidean Partition Functions

@ Relevant quantities for holography: Euclidean partition functions
o0
(Z(B1) - Z(Ba)) = Y 63942 Zyn(B1) - - Z(Bn)
g=0

@ Surfaces with n Schwarzian boundaries + g handles

@ Weil-Petersson volumes are the building blocks of EPFs:
[Saad-Shenker-Stanford]

<Z(ﬂ)> = gs_IZdisk(B) + Z ggg_l /Ooo bdb ‘/g, 1(b)Ztrumpet(ﬂa b)

9= DEPARTMENT
OF MATHEMATICS
wwwww 0

o ‘/9771, ~ (2g)' [Mirzakhani-Zograf] —> Resurgence!
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The Spectral Form Factor

@ Two-boundary EPF of particular interest: spectral form factor:
(Z(B+1it)Z(B —it)) connected + disconnected

@ Airy example:
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The Spectral Form Factor
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Review of matrix models

@ N x N Hermitian one-matrix model with potential V(z)

1 — LTV (M)
Zy=—" [ dMe 5
N vol(U(N))/ ¢’

@ Associated spectral curve (one-cut case):

y(x) = M(x)\/(z — a)(x — b)

related to the holomorphic effective potential acting on eigenvalues

V}{;eff(x) = y(fL‘)
and to the spectral density of eigenvalues

1

po(A) = 5 Imy(A)
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Correlators and topological recursion

@ Matrix model correlators:

1 1
Wio(z1,oooy2n) =2"21-+ - 2 <Tr---Tr>
" " " Z%_M 22_M (COnn)

have a perturbative expansion
“+o0o
2g+n—2
Wi (21, ..y 2n) = Z Wy (21, 2n) 29T
9=0
@ They are computed by topological recursion [eynard-Orantin]:

Wyn (21,J) =Res {Ky(zla z) [Wg—l,hﬂ (z,—2,J)+

/
+ > Wm,u+1(Z7I)Wm’7|1’|+1(_Z@g}i}wm

m+m'=g
ur'=Jg
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The dual matrix model of JT gravity

@ From disk amplitude of the JT path integral: spectral density of dual

matrix model:

[Stanford-Witten]
[Saad-Shenker-Stanford)]

I
po(E) = Hsmh%r\/ﬁ

@ From this, Mirzakhani spectral curve: w
@ Infinite cut — double scaled matrix model

@ The Wyrn(21,...,2n), Vgn(bi,...,by), and Zy n(B1,...,Bn) are

related by a web of integral transforms

[Saad-Shenker-Stanford]
[Eynard-Orantin]
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(2,2k 4+ 1) minimal strings

@ The JT gravity spectral curve can be seen as the k — oo limit of a
class of spectral curves:

Y(2,26-1) (%) = Top—1 (V) (1)

@ These are the spectral curves of (2,2k — 1) minimal strings: Liouville
gravity coupled to a (2,2k — 1) minimal model CFT

@ First examples:

Y2,1)() = vV Airy curve
Y(2,3)(7) = T3(Vx) Painlevé curve
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//Z branes in matrix models

@ ZZ branes are associated to eigenvalue tunneling

@ One-instanton contribution of the form [David, Marifio-Schiappa-Weiss]

FU ~ gl/28 exp <—> Z gr

$ DM
DEPARTMENT

OF MATHEMATICS
Aol

@ All non-perturbative data captured by spectral geometry
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Z/Z branes from the spectral geometry

@ For example, the instanton action:
zo
A = Vhei(z0) — Viert (D) = /b y(r)dx

@ In the case of (2,2k — 1) minimal strings: (k — 1) non-trivial saddles

[Seiberg-Shih]

1 1 2mn
Ay = (1) i
iy = (=1) <2k+1+2k—3)sm2k—1

@ But, resonance! Instanton actions are actually twice as many [pG-schiappa]

DM
DEPARTMENT
OF MATHEMATICS

Paolo Gregori (IST Lisbon) Resurgence @ INI 15 September 2022 16 /59



Z/Z branes from the spectral geometry

@ In the case of JT gravity:

Bl=E----

@ Infinitely many saddles!

22 /4 1)+t
Ay = / y(z)dx = L
0

2 DM
47r W DEPARTMENT
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ZZ branes from topological recursion

@ The remaining data is captured by a saddle-point integral passing
through the non-trivial saddle xg

FO ! / P(x)da
T'o

T o

where 1 (z) is constructed via topological recursion

[Eynard-GarciaFailde-PG-Lewanski-Schiappa)

n
2 A z
'lp(z )Eexp Z T/ / Wg;n
: —z —z

g=0,n=1
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/7 brane data

@ For example, one-loop around one-instanton for the (2,2k — 1)
minimal string: [pc-schiappa]

St - Fl(l) = —0 (1) cot nr .
4sin 5775\ 27 (2k — 1) 2k—1

@ The saddle point integral can be computed algorithmically

@ We easily get many loops around the one-instanton configuration
(JT) [Eynard-GarciaFailde-PG-Lewanski-Schiappal]

1 _ i ~(1) _ 68 _ 52
Sl . Fl m, F2 — ? T’
~(1 2 4
F:JS ) 12;04 + 81§ﬂ + 24;277 ,
15(1) 10171120 _ 31167272 _ 175879x% 16351375 _ 29x8
81 27 270 6480 48
(1) 3859832480 Jr4425808247r2 +508914717r4 +333641877r6 Jr9595>0()97r8 +196137r10
243 405 4360 31104 1440
U
‘Fif\\R’TWZEFVTT\L
@ Up to 12 loops!
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//Z branes for correlat

@ The non-perturbative topological recursion construction generalizes to
correlators via the loop insertion operator

AWy (z1,. .y 2n) = gsWht1(x, 21, ..., Zn)

Completely new non-perturbative data for correlators, which was out
of reach with other approaches (e.g. string equations)

For examp|e [Eynard-GarciaFailde-PG-Lewanski-Schiappa] -

N n 4
St W,z = T ——
L Z.:r[lllz%—l

Universall
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FZZT branes in matrix models

@ FZZT branes are associated to determinant insertions (i.e. orthogonal
polynomials):

U(z) = e—iv(z) (det(x — M)) = exp < heff > Z Dt (x

@ The instanton action is the holomorphic effective potential —
x-dependent instanton action!

@ They contribute only to correlators: not seen in the free energy

@ Also computable via topological recursion (eynard-Orantin]:

n

5 0 2g+n—27" rz 2z
v =en| Y B [ W,
. (o) o

g=0,n=1
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Transseries

@ The generic observable O is described by a transseries, which will
contain both ZZ and FZZT contributions:

O = 0O 1 022) | H(FZ2T)

@ Not the full story! Missing multi-instanton contributions + resonance
(which is general in these models)

@ Enough to capture expected non-perturbative effects and leading
large genus asymptotics
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Borel plane singularities

o We expect two ZZ brane singularities at iﬁ, and two FZZT brane
singularities at +V},..qr(.)
\

Vieft ()

o\

0
1
472
@ The FZZT singularity moves around as = changes!
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Resurgent large order relations

@ Instanton sectors attached to singularities in the Borel plane

e Cauchy’s theorem gives us large order relation (example for two
singularities):

S0 T (29 — By) 4, ol
(0) ~P1Y; g 1 1 1 2 -2
O = "oni g2 ( 29-B-1om Olg™)+
S0 (29 — o) A, 0P L
omi (Ag)29-FP2 ( 29 — By — 1 (9%2) +O(g )) +

@ Singularity that is closest to the origin dominates the asymptotics

o Large g asymptotics entirely encoded in non-perturbative data

@ Numerical checks of our computations

@ Large g asymptotics of quantities of interest W
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The one point function: integral representation

Since the FZZT instanton actions depend on the correlators variables z;,
we expect them to move around in the complex plane as the z; change.

The position of Borel-plane singularities can be captured through
approximate Borel transforms. One way of obtaining them is by making
use of the integral representations of the correlators. For the one-point
function we have:

W, N_l/ 1 1 (_Veff(w))
W1 (gs;2) ~ 5 Idxw—zQ\/EeXp "

-3 fae Vi & (5) @ <s>1— e ® <_g>

The integrand is intepreted as an ‘approximate Borel transform’, featuring
both the ZZ and FZZT Borel-plane singularities. W DM

12
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The one point function: Padé approximants

Otherwise, we can make use of Padé approximants:

0.02 z = 0.3+ 0.007i
0.01
0.00
-0.01
-0.02
-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
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The one point function: Padé approximants

Otherwise, we can make use of Padé approximants:

0.02 2 =105+ 0.007i
0.01
° [ ]
0.00 -
[ ]
-0.01
-0.02
-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
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The one point function: Padé approximants

Otherwise, we can make use of Padé approximants:

0.02 2= 0.7+ 0.007i
0.01
0.00}¢ . o )
-0.01
-0.02
~0.06 ~0.04 -0.02 0.00 0.02 0.04 0.06
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The two point function: integral representation

The story is very similar for the two-point function, but here from the
integral representation we get two distinct FZZT brane singularities:

1 1 1 1 s
Wi Js; 21, 2 2f/~ds - exp (—)
Y A AT PO B e A

depending on the two variables z; and 2.

This is corroborated by the Padé approximant analysis.
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The two point function: Padé approximants

004 ‘/)"———--~~.
’ z1 = 0.3+ 0.07

0.02

0.00
-0.02

~ <
-0.04 Semen=""
-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
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The two point function: Padé approximants

0.04 ‘/)"———--~~.~
' 21 =0.740.07i
0.02
[ ]
0.00
[ ]
-0.02
o ’
~ v
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The two point function: Padé approximants

004 ‘/)"———--~~.~
' \\ 2z = 0.7+ 0.07i
\ 20 = —0.2 + 0.251

0.02 °

0.00]
-0.02 .

~ s
-0.04 Semmm==""
-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
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The two point function: Padé approximants

004 ‘/)"———--~~.~
’ \\ 2z = 0.7+ 0.07i
. \ 2o = —0.6 + 0.251
0.02
[ ]
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Large order checks: free energy

@ Only ZZ brane non-perturbative effects

@ We can generate many Weil-Petersson volumes with Zograf's
algorithm

@ From them, we construct sequences which at g — oo converge to the
non-perturbative coefficient we want to test:

Vg+1,0 1 1-283 —2
I —_ 1
49°Vg,0 A2( Ty +0G6 )>
V11,0 _
A2 1) =12 !
29( T ) B+0(s7)

A28y, s FY
I'(2g—pB)  2mi

(1+0(s7™)

and so on.
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Free energy: the instanton action

1600 -
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Figure: The sequence Z&ﬁ (blue), its first two Richardson transforms (orange

and green),and the predicted value 1/A? = 1672 (red). w s
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Free energy: the characteristic exponent
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Free energy: the one-loop around one-instant

0.130F
0.1281
0.126 - ..._...---oooooo-o-o
0124}
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Figure: The sequence b (blue), its first two Richardson transforms
: 5, FM DM
(orange and green) and the predicted value 51— = m (red). w pepamTUENT
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The one point function

@ Both FZZT and ZZ brane contributions:
Wiz) = W% (2) + W7 (2) + w770 (2),

o Competing large genus asymptotics

0 = i (2= 5) [+
Wg71(z)_\/§ﬂ%(47r) 2T ( 2g 5 22_4+... +...
1 2\ ~29+1 1

+;<Veﬂ'<z>) F(2g—1)[22+...}+...

@ Perturbative data generated through TR (slow)
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One-point function: the instanton action

0.025
~ L
— 0.020
< L
0.015F Fz7T
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.3 0.4 0.5 0.6 0.7

z

Figure: The black dashed line is the fifth Richardson tranform of the instanton
action sequence of Wi(z), as a function of z. In red and blue, the theeretigal
values associated to FZZT and ZZ branes. W SF ATHEMAT

1CS
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One-point function: the characteristic exponent

16
I —=
141 II 77
I 1
— ]
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Figure: The black dashed line is the fifth Richardson tranform of the characteristic
aretical

exponent sequence of Wi (z), as a function of z. In red and blue, the
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One-point function: the one-loop around one-instanton

25F

20F

Vg Fzz7T 77
w

OO Il Il Il L L L
0.0 0.2 0.4 0.6 0.8 1.0

Figure: The black dashed line is the fifth Richardson tranform of the one-loop
around one-instanton sequence of Wy(z), as a function of z. In red a
theoretical values associated to FZZT and ZZ branes.
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The two-point function

@ Two distinct FZZT brane contributions:

Wy (21, 22) =

WQ(O) (21, ZQ) + WQ(ZZ) (Zl, ZQ) + WQ(FZZTl) (21, 22)—1—
+ W2(FZZT2) (Zly 22)’

@ Competing large genus asymptotics:

Wil

g

Y (21, 22)

1 1 1 4 4
S (20 5) | ]
U 20— g ) g ]

(Ve (3)) 1 29) [1 o]+

“1

(Veff (z%))ngF(Qg) Lg ! — +} T

S

+

_l’_

1 2

Nl= 3=

. DM
@ Perturbative data generated through TR (slow) W s
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he instanton action

Two-point function:

0.006 FZ7T,

3 L
= 0.004f FZZT,

0.002}

0.000 -

1 1
0.0 0.1 0.2 03 0.4 05
V4

Figure: The fourth Richardson tranform of the instanton action sequence for

Ws(z,0.25), as a function of z. In red and violet, the theoretical valu
associated to the FZZT; and FZZT, instanton actions.
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Two-point function: the instanton action

0.030
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Figure: The fourth Richardson tranform of the instanton action sequence for
Wa(z,0.75), as a function of z. In red and blue, the theoretical valueggasspgiated
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Two-point function: the characteristic exponent

0.2F

-0.2F FZ7T,
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04l I
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Figure: The fourth Richardson tranform of the characteristic exponent sequence

for Wa(2,0.25), as a function of z. In red and violet, the theoretical €5m
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Two-point function: the characteristic exponent

0.6
4 72

04r

B(z)

I/

'l
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I
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I

'
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0.0 .
z

Figure: The fourth Richardson tranform of the characteristic exponent sequence
WDMRTHF\/T

for Wa(2,0.75), as a function of z. In red and blue, the theoretical v

associated to the FZZT; and ZZ characteristic exponents.
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Two-point function: the one-loop around one-instanton

a0f
30
—~ 2] FZZT, FZZT,
- 10;
of
,10—\ /—”
0‘.0‘ ‘011‘ ‘012‘ ‘0,3““014““015

Figure: The fourth Richardson tranform of the one-loop around one-instanton
sequence for W(z,0.25), as a function of z. In red and violet, the th tGal
values associated to the FZZT; and FZZT5 one-loop around one—instﬁ T UATHENAT
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Two-point function: the one-loop around one-instanton

A
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s L
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Figure: The fourth Richardson tranform of the one-loop around one-instanton
sequence for Wa(z,0.75), as a function of z. In red and blue, the the@ig@ww
values associated to the FZZT; and ZZ one-loop around one-instant toncausson
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The spectral density

@ In the Airy toy model (y(z) = /2 = po(A\) = V/—x/(27)), we
have an exact formula for the resummed spectral density:

p(\) = g7 /3 [Ai’ (/\95_2/3)2 g3 (Ag;z/?’) 2}

0.8+ =y
06} N

02p — po(A) \
Pexact(A)

0.0 g DM
) L L L L L DEPARTMENT
OF MATHEMATICS
-8 -6 -4 -2 0 2
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The spectral density

@ Non-perturbative contributions add wiggles in the ‘allowed’ region,
and an exponentially decaying contribution in the ‘forbidden’ region

@ The same thing happens when we add FZZT contributions to the JT
gravity spectral density

L I I I I I ] DM

-0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 w DEPARTMENT
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The spectral form factor

@ Recall the definition:

(Z(B+it)Z(B —it)) :/ dxl/ dxge(6+it)zl+(6—it)xzw2(x17x2)
(2)

@ As it turns out, the spectral form factor is given by a convergent
power series because of miraculous cancellationsigiommaert-Kruthoff-Yao]

@ The inverse Laplace transform turns the FZZT contribution to the
two-point correlator from non-perturbative to perturbative!
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The spectral form factor

@ In the Airy case, we see that the FZZT brane contributions (one- and
two-instanton) are responsible for the plateau regime of the spectral
form factor:

(Z(0.1+it)Z(0.1 —it))
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Summary of the results

@ Summary

@ Using topological recursion, we developed a new systematic technique
for computing ZZ non-perturbative data for free energies and
correlators in matrix models

@ We verified the presence of competing FZZT and ZZ effects both in
terms of Borel plane singularities and large genus asymptotics

© We provided a new (and generalizable) way of computing large genus
asymptotics of Weil-Petersson volumes

© We were able to reproduce the plateau region of the spectral form
factor of JT gravity using FZZT brane contributions

o Outlook
@ What about multi-instanton sectors? And resonance?

@ Can we write the full resonant transseries of JT gravity?
© How do our techniques extend to spectral curves without an underlying

matrix model? W DM
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Thank you!
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